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Abstract: In the present study, we reexamine quasi-elastic scattering of

7

Li by

120

Final Version: 12.02.2016

Sn at incident energies E Lab = 19.5,

20.5, and 25.0 MeV. The theoretical results are obtained by using both a phenomenological model and double-folding
model (DFM) within the framework of an optical model. We also investigate the role of the surface potential, which is
connected to direct reactions. The agreement between the phenomenological model and the DFM is shown in comparison
to each other in connection with the experimental data. This comparison provides information about the similarities
and the diﬀerences between the models used during the calculations.
Key words: Optical model, double-folding model, elastic scattering, quasi-elastic scattering

1. Introduction
The scattering of stable isotopes of lithium from diﬀerent target nuclei at various energies has been studied
largely over the past few decades [1–5]. 7 Li, which has gained attention in the field of nuclear physics, is one
of these nuclei. Many experimental and theoretical studies have been carried out. In these studies, various
interactions such as elastic scattering, inelastic scattering, fusion reactions, and transfer reactions have been
measured and investigated [6–23]. However, we need further theoretical work in order to better understand
the experimental data of the reactions concerning 7 Li because there are still ambiguities in the way that 7 Li–
nucleus interactions are understood. For example, in the studies performed by using the double-folding model
(DFM) based on the optical model (OM), it was found that renormalization was required [24–26] due to the
importance of the breakup eﬀect [27]. Hence, it can be interesting to investigate the renormalization of doublefolded potentials for the diﬀerent scattering data. As a result of this, we consider that it would be useful for
the problem of renormalization of 7 Li with various target nuclei.
Recently, Sousa et al. [28] measured quasi-elastic scattering data of a

7

Li +

120

Sn system at incident

energies E Lab = 19.5, 20.5, and 25.0 MeV. They also investigated the density distribution of the 7 Li light
nucleus using the São Paulo potential within the framework of the OM. They reported that the disagreement
observed between theoretical and experimental results obtained by means of 7 Li nucleon density was due to the
inclusion of additional reaction processes in OM calculations. The quasi-elastic scattering was assumed to be the
sum of elastic and inelastic scattering due to the limited energy resolution in the experimental measurements.
Various approaches are used when analyzing scattering data. The OM is one of the most preferred models when
explaining elastic scattering angular distribution. The DFM, which uses the density distributions of both the
projectile and the target, is also known to be very important for these studies.
∗ Correspondence:
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In this work, we reanalyze the quasi-elastic scattering angular distributions of the 7 Li + 120 Sn system
at E Lab = 19.5, 20.5, and 25.0 MeV by using both a phenomenological model and a DFM based on an OM. To
obtain the real optical potential we use both the phenomenological Woods–Saxon (WS) model and the DFM.
The imaginary part of the potential is taken as a phenomenological WS model. Our purpose in this analysis is to
investigate the ability of the volume and surface potentials to reproduce the quasi-elastic 7 Li + 120 Sn scattering
data. For this purpose, the imaginary part of the optical potential is divided into two parts, consisting of the
volume potential and the surface potential. In addition, we aim to investigate the eﬀect of surface potential
on the normalization of the DFM. All obtained results are compared with the experimental data. Thus, the
similarities and diﬀerences between the models used in obtaining the theoretical results are discussed.
In the present study, Section 2 is devoted to the diﬀerent approaches used in the theoretical analyses
intended for the interpretation of the experimental data. Section 3 summarizes the work and discusses the
conclusions.
2. Theoretical analysis
In this section, we examine the scattering data of 7 Li on 120 Sn target nuclei with the aid of the phenomenological
model and the DFM at diﬀerent energies. In theoretical calculations, it is assumed that the total eﬀective
potential contains nuclear and Coulomb potentials. Thus, it is given as
Vtotal (r) = V (r) + iW (r) + VCoulomb (r).

(1)

The Coulomb potential is given by [29]
VCoulomb (r) =
=

1 ZP ZT e2
,
4πε0
r

r ≥ RC

1 ZP ZT e2
r2
(3 − 2 ),
4πε0 2RC
RC
1/3

where RC is the Coulomb radius, taken as 1.25(A P

(2)
r ≤ RC

(3)

1/3

+A T ) fm in the calculations, and ZP and ZT denote

the charges of projectile P and target nuclei T , respectively. For the theoretical calculations of both the
phenomenological model and the DFM, the code FRESCO [30] has been used. FRESCO, which is a generalpurpose reaction code, is used for determining the parameters of the OM to fit the experimental data for any
investigated nuclear reaction [31].
2.1. Phenomenological analysis
In phenomenological analysis, the real part of the nuclear potential is accepted to be the WS type as represented
in the following form:
Vreal (r) = −V0 f (r, Ri , ai ),

f (r, Ri , ai ) =
1/3

where Ri = ri (AP

1
,
i
1 + exp( r−R
ai )

(4)

(5)

1/3

+ AT ) (i = V or W ), and AP and AT are the masses of the projectile and target nuclei,

respectively.
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The imaginary potential is taken as WS volume potential in the following form:
Vimaginary (r) = −W0 f (r, Ri , ai ).

(6)

Thus, the total nuclear potential is written as
VN uclear (r) = −

V0
W0
−i
.
r−Rv
w
1 + exp( av )
1 + exp( r−R
aw )

(7)

We investigated the agreement between the theoretical results and the experimental data of 7 Li + 120 Sn by
searching for the V0 (the depth of the real part), rv (the radius of the real part), av (the diﬀuseness of the real
part), W0 (the depth of the imaginary part), rw (the radius of the imaginary part), and aw (the diﬀuseness
of the imaginary part) parameters of the real and the imaginary parts of optical potential. We simultaneously
performed the OM calculations for various values of the parameters rv and rw in the range of 0.9 to 1.4 fm in
order to reduce the number of OM parameters. After a comparative analysis of these results together with the
experimental data, we observed that rv = 1.180 fm and rw = 1.386 fm. The av and aw values of the optical
potential were varied within the range of 0.4 to 1.0 fm at fixed radii and were taken as av = aw = 0.515 fm
for each energy. Finally, the fitting procedure was completed by changing the depths of real and imaginary
potential of OM for diﬀerent incident energies. All the values of the parameters used when obtaining theoretical
results are shown in Table 1. The results given in comparison with the experimental data in Figures 1–3 are
not in very good agreement and miss some experimental data. This result is expected because of the fact that
OM calculation alone cannot define the quasi-elastic scattering data, which include both elastic and inelastic
eﬀect. We looked for better results from the OM for explaining the experimental data in order to advance the
theoretical results of our study. With this goal, we once again conducted the theoretical calculations for the
imaginary potential, accepting it as the sum of WS volume and the surface potential as seen in the following
form:
Vimaginary (r) = −Wv f (r, Ri , ai ) + 4Ws as

df (r, Rs , as )
.
dr

(8)

For determining the optical parameters of this case, we only changed the surface potential parameters while
the WS volume parameters were accepted to be the same as in the previous calculations. It is only possible to
observe the role of the surface potential when the OM parameters of the volume potential are not changed. We
provide the values of all the parameters in Table 1. We also compared the OM results together with and without
the surface potential as well as the experimental data, as shown in Figures 1–3. In general, we observed that
the theoretical results of the OM with the WS volume and the surface potential were better than the results
with only the WS volume potential.
2.2. Double-folding model analysis
Here, we determine the real part of the nuclear potential the help of the DFM, which uses the nuclear matter
distributions of both the projectile and the target nuclei together with an eﬀective nucleon–nucleon interaction
potential ( νN N ). The double-folding potential is given as
∫
Vdoublefolding (r) =

14

∫
dr1

dr2 ρP (r1 )ρT (r2 )vN N (r12 ),

(9)
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Figure 1. The elastic scattering angular distributions for

7

Li +

120

Sn at E Lab = 19.5 MeV. The dashed line shows

phenomenological results with WS type potential, dashed-dotted line shows phenomenological results with WS plus
surface potential, dotted line shows DFM results, and solid line shows DFM results with surface potential. The circles
show the experimental data, which were taken from [28].

Figure 2. The elastic scattering angular distributions for

7

Li +

120

Sn at E Lab = 20.5 MeV. The dashed line shows

phenomenological results with WS type potential, dashed-dotted line shows phenomenological results with WS plus
surface potential, dotted line shows DFM results, and solid line shows DFM results with surface potential. The circles
show the experimental data, which were taken from [28].

15
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Figure 3. The elastic scattering angular distributions for

7

Li +

120

Sn at E Lab = 25.0 MeV. The dashed line shows

phenomenological results with WS type potential, dashed-dotted line shows phenomenological results with WS plus
surface potential, dotted line shows DFM results, and solid line shows DFM results with surface potential. The circles
show the experimental data, which were taken from [28].

Table 1. The optical model parameters used in phenomenological model analysis of
ELab
MeV
19.5
20.5
25.0

Potential
type
WS
WS+surface
WS
WS+surface
WS
WS+surface

V0
MeV
160.0
160.0
117.0
117.0
103.0
103.0

rv
fm
1.18
1.18
1.18
1.18
1.18
1.18

av
fm
0.515
0.515
0.515
0.515
0.515
0.515

W0
MeV
18.4
18.4
8.95
8.95
9.10
9.10

rw
fm
1.386
1.386
1.386
1.386
1.386
1.386

aw
fm
0.515
0.515
0.515
0.515
0.515
0.515

Ws
MeV
9.4
7.0
1.5

rs
fm
1.446
1.336
1.443

as
fm
0.300
0.420
0.485

7

Li +

Jv
MeV fm3
437.4
437.4
319.8
319.8
281.6
281.6

120

Sn reaction.

Jw
MeV fm3
80.6
97.2
39.2
54.0
39.9
44.2

χ2
−
0.62
0.44
1.00
0.58
6.00
8.02

σ
mb
119.0
133.5
156.2
183.4
701.1
804.0

where ρP (r 1 ) and ρT (r 2 ) are the nuclear matter density of projectile and target nuclei, respectively. When
obtaining the folding potential, the ground state density distribution of the
shown in the following form [32]:

7

Li projectile has been taken as

ρ(r1 ) = 0.1387(1 + 0.1673r12 ) exp( − 0.3341r12 ).

(10)

In Figure 4, this density distribution is plotted at both logarithmic and linear scale. The density distribution
of the 120 Sn target nucleus was taken from RIPL-3 [33]. We have chosen the M3Y (Michigan 3 Yukawa)
nucleon–nucleon realistic interaction as shown by

vN N (r) = 7999

exp( − 4r)
exp( − 2.5r)
− 2134
− 276 [1 − 0.005 ELab /AP ] δ(r),
4r
2.5r

where exchange (the last term in equation) has a linear energy dependence.
16
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Figure 4. The density distribution of the

7

Li nucleus plotted as both linear scale (top) and logarithmic (bottom).

To obtain the imaginary part of the nuclear potential, the WS potential in the following form has been
used:
W (r) = −W0 f (r, Rw , aw ),

(12)

where
f (r, Rw , aw ) =

1
.
w
1 + exp( r−R
aw )

(13)

The compliance between the theoretical results data and experimental data was investigated by changing W0 ,
rw , and aw values of the imaginary potential. After the OM calculations were carried out for diﬀerent values
of rw in steps from 0.1 to 0.001 fm between 0.9 fm and 1.4 fm at each incident energy, we took 1.396 fm as the
value of rw . The aw value of the potential was varied in steps from 0.1 to 0.001 fm between 0.4 fm and 1.0 fm at
a fixed radius and was taken as 0.490 fm. Finally, the fitting procedure of the experimental data was completed
by changing the depth of the imaginary potential. The theoretical results obtained for the parameters given
in Table 2 are shown in comparison with the experimental data in Figures 1–3. The results are not in good
consistency with the data. To overcome this situation, we added a surface potential to the WS volume potential
used in the OM calculations and searched for the best parameters to fit to the experimental data, which are
given in Table 2. We show the results of other theoretical models as well as the experimental data in Figures 1–3
as a comparison. In Figure 1 the results with the surface potential appear to be successful in the description of
the experimental data. On the other hand, the results of WS and bare folding potentials are quite inadequate
in the explanation of both backward and forward angles of the experimental data. If we investigate Figure 2, we
observe similar results at 19.5 MeV. While the surface potentials are successful in explaining experimental data,
WS and bare folding potentials are not in good agreement with the experimental data. However, the harmony
with the experimental data of WS and bare folding potentials increases in forward angles (about from 140 ◦ to
17
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172 ◦ ). It can be seen from Figure 3 that the results with the surface and bare folding potentials, which exhibit
very similar behaviors, are more consistent with the experimental data than the results with WS potential. On
the other hand, the results with WS potential are better than the results with the surface and bare folding
potentials in backward angles. However, all the theoretical results have been seen to be very coherent with each
other in forward angles (from about 125 ◦ to 180 ◦ ) . We observed that the addition of the surface potential
provided results in good agreement with the experimental data. If our results are compared with the results of
Sousa et al. [28], it can be seen that our theoretical results are better than their results. As a result of this,
the addition of the surface potential to the calculations is incontrovertible, because this potential includes the
role of other interactions such as direct reactions. This situation can be seen from the results with the surface
potential of both the phenomenological model and the DFM.
Table 2. The optical model parameters used in double-folding model analysis of
ELab
MeV
19.5
20.5
25.0

Potential
type
WS
WS+surface
WS
WS+surface
WS
WS+surface

NR
1.05
1.00
0.78
0.84
0.90
1.00

W0
MeV
18.0
18.0
9.10
9.10
15.00
15.00

rw
fm
1.396
1.396
1.396
1.396
1.396
1.396

aw
fm
0.490
0.490
0.490
0.490
0.490
0.490

Ws
MeV
17.0
8.0
4.5

rs
fm
1.396
1.326
1.286

as
fm
0.342
0.400
0.400

7

Jv
MeV fm3
433.5
412.8
321.9
346.6
370.6
345.9

Li +

120

Sn reaction.

Jw
MeV fm3
80.4
112.3
40.6
56.5
67.0
75.4

χ2 −
0.60
0.38
0.94
0.46
4.14
4.92

σ
mb
111.6
132.4
149.7
174.1
769.0
781.6

In double-folding calculations, a normalization factor (NR ), which was changed to obtain good agreement
results with the experimental data, was used. The value NR = 1.0 shows the success of the model used in the
calculations [26]. If the deflection from unity for NR is required, the model would need the corrections. This
state is attributed to strangeness and uncertainties in the data, or to uncertainties in the fitting procedures
applied or to uncertainties in the densities used in the calculations [26]. Vineyard et al. [32] reported that
the normalization value of 7 Li was found as NR ≈ 0.7 in 7 Li + 12 C calculations. They put forward the
projectile breakup eﬀects as the reason for this. With this in mind, if we examine the change of the normalization
constant in our DFM calculations, we would be able to observe that the DFM results without surface potential
are coherent with earlier results. In this respect, NR took the values of 0.78, 0.90, and 1.05 in our study, but
the harmony between the theoretical results and the experimental data was not very good. As seen in Figure
5, when we examined DFM results with the surface potential, we noticed that the NR value, compared to the
default value NR = 1.0 [26], gets 8% better when compared with previous DFM results. This consistency of
the theoretical results with the experimental data is seen in Figures 1–3.
We show the cross-sections of all the interactions in comparison to each energy in Figure 6. We observed
that the cross-sections exhibit similar behaviors with the increase in energy. The cross-sections for both sets
of OM and DFM calculations show a continuous increase. It can be said that the similar behavior of the
cross-sections is an indication of the compatibility of the used models.
The harmony between theoretical results and experimental data was determined by the help of the usual
reduced χ2 as given below:
χ2 =

Nσ
2
∑
1
(σtheo − σexp )
,
2
Nσ − Np i=1
(∆σexp )

(14)

where σtheo is the theoretical cross-section obtained by searching the potential parameters, σexp is the experimental cross-section, ∆σexp is the error variation of the experimental cross-section, Nσ is the number of
18
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the experimental points, and Np is the number of searched parameters in fitting [34]. It has been expressed
in previous studies that the
result.

χ2 value, which has a minimum, is not always an indication of a better visual

Figure 5. The normalization constants as a function of energy. The filled squares show DFM results and the filled
circles show DFM results with surface potential. The solid line, which indicates NR = 1, is to guide the eye.

Figure 6. The cross-sections obtained by phenomenological model and DFM of

7

Li +

120

Sn system as a function

of energy, which are given comparatively. The filled squares show WS results, the filled circles show WS results with
surface potential, the filled upward triangle shows DFM results, and the filled downward triangle shows DFM results
with surface potential.
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Sometimes, determining how compatible the investigated fit is by eye may be more eﬃcient than the χ2
value [29,35,36]. While the χ2 values were calculated, first, the percentage errors for points of the experimental
data of each energy were determined. Then the average experimental percentage errors over these error values
were calculated around 5.25% for 19.5 MeV, 4.90% for 20.5 MeV, and 6.5% for 25 MeV. Thus, we calculated
the χ2 values according to these experimental percentage error values for each model and energy. We provide
the χ2 values for all the interactions in Tables 1 and 2. We noticed that the χ2 values of the theoretical results
were very small in general. The smallest χ2 values were obtained mostly in the surface potential case of both
the phenomenological model and the DFM, which are seen in Figures 1–3. One should also point out that while
the NR values of the DFM with surface potential are around 1.0, the NR values of the DFM decreases from
1.05 to 0.78. This indicates that the DFM with surface potential provides more reasonable results than the
DFM.
In the present work, we have calculated the volume integrals of both the real part (Jv ) and the imaginary
part ( Jw ) of the optical potential. It is known that the volume integrals show similar behaviors for good fits of
the optical potentials with diﬀerent parameters [37]. The formulas used in this context were
Jv (E) =

4π
AP AT

and
4π
Jw (E) =
AP AT

∫
V (r, E)r2 dr

(15)

W (r, E)r2 dr.

(16)

∫

The Jv and Jw values obtained from each model investigated are given in Tables 1 and 2 and are plotted
comparatively in Figures 7 and 8. Both the Jv and Jw values of the phenomenological model with and without
surface potential decrease with the increasing of the incident energy. In the DFM results without surface
potential, the Jw values accompany a rapid change when the Jv values also display a rapid change. However,
the Jv values of the DFM with surface potential decrease with the energy while the Jw value displays a rapid
change at 20.5 MeV. We should point out that the systematics of the energy dependence of the OM potential for
7

Li scattering could not be shown in a precise way. With this goal, Deshmukh et al. [37] measured the elastic

scattering data of

7

Li scattered from

116

Sn at various incident energies and analyzed the experimental data

7

theoretically. They reported that the Li + 116 Sn system at energies around and below the Coulomb barrier
showed the absence of the threshold anomaly because of becoming energy-independent of real and imaginary
parts of the optical potential. However, we cannot exactly say whether there is a threshold anomaly for the 7 Li
+ 120 Sn system investigated in our work. For this, more experimental data are needed, which would allow us
to adequately explain the threshold anomaly.
3. Summary and conclusions
In the present work, we have analyzed quasi-elastic scattering data of the 7 Li + 120 Sn system at incident energies
E Lab = 19.5, 20.5, and 25.0 MeV. We have used phenomenological and double-folding potential in calculations.
We have observed that the theoretical results for both phenomenological (with WS volume potential) and DFM
are not in good agreement with the experimental data. The volume imaginary potential of the optical potential
is thought to be responsible for absorption because of the inelastic scattering, transfer, breakup, and fusion that
occurred in nuclear interactions. Therefore, we have divided the imaginary part of the optical potential into two
parts, which consisted of the volume potential and the surface potential. When we added the surface potential to
20
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Figure 7. The change with the energy of the volume integral of the real part of the nuclear potential used in the
calculations of the OM and DFM. The solid line shows phenomenological results of WS type potential with and without
surface potential, the dashed line shows DFM results, and the dashed-dotted line shows DFM results with surface
potential. The curves are to guide the eye.

Figure 8. The change with the energy of the volume integral of the imaginary part of the nuclear potential used
in the calculations of the OM and DFM. The solid line shows phenomenological results with WS type potential, the
dashed line shows phenomenological results with WS plus surface potential, the dotted line shows DFM results, and the
dashed-dotted line shows DFM results with surface potential. The curves are to guide the eye.
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AYGÜN and AYGÜN/Turk J Phys

the calculations performed for these theoretical models, we observed an improvement in the theoretical results.
This might be a result of the surface potential from inelastic or reaction processes that occurred in the surface
of the nucleus. Additionally, the scattering at low energy does not show much sensitivity to the interior while
the projectile with high energy penetrates the interior. Moreover, the NR values with the surface potential
got better by about 8% according to the NR values obtained without the surface potential. Therefore, we
concluded that the surface potential includes the eﬀect of the direct reactions and this provides an improvement
in theoretical results. We can say that the surface potential needs to be considered when explaining the quasielastic scattering data of the 7 Li projectile scattered from the

120

Sn target nucleus. Finally, we have given the

2

χ values and the volume integrals of the real and the imaginary potential of the phenomenological model and
the DFM in tables and have displayed all the results of the calculations in figures.
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